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1. INTRODUCTION 
C. Hall [3] has given several bicubic schemes for interpolation of a function 
of two variables over aright triangular domain. The formulae may be used 
in conjunction with the bicubic Hermite interpolation on a rectangle [ ,31 
for purposes ofpiecewise nterpolation over certain polygonal domains. 
Similarly they may be used to construct approximating subspaces foruse in 
applications of theRitz method (or finite element method) to the variational 
solution fboundary value problems following Birkhoff, Schultz and 
Varga [l]. 
The purpose ofthis paper is to present a modification of Hall’s interpolation 
Scheme B [3] which is useful inthe variational solution ofbilzarmonic 
problems for certain polygonal domains when a normal derivative boundary 
condition au/an = 0 is given. Inparticular, we have in mind a polygonal 
domain P whose boundary lies along the dges and diagonals of the lements 
of some rectangular mesh. Such a polygon is partitioned by this mesh into 
a union of rectangles and right triangles, where the hypotenuse of ach trian- 
gular element coincides with an oblique s gment ofaP. An excellent survey 
of interpolation nd approximation in such polygons igiven by Birkhoff [2]. 
We shall be concerned with iding a bicubic nterpolating polynomial 
W(X, v) for afunction f(x, v) on a right triangular domain, the polynomial 
having the two properties 
(i) f= 0 on the hypotenuse implies w E 0 there, and 
(ii) afpn 3 0 on the hypotenuse implies aw/an E 0 there. 
* This work is a portion fthe author’s thesis done at Harvard University with the 
support of the Office ofNaval Research ontracts NONR-1866 (34) and NOOD14-67-A- 
0298-0015. Preparation of this manuscript was supported bythe United States Atomic 
Energy Commission. 
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These two properties of w will make it quite convenient tosatisfy the L‘essen- 
tial” boundary conditions f biharmonic problems, IV= 0 and/or &Y/&Z G 0. 
in applications of the Ritz method. Hall’s Scheme (Section 2)has property 
(i), but not property (ii). The new method presented in Section 3 has both 
properties (cf. Theorem 2) and yields a fourth-order approximation to
fE C” (cf. Theorem 4). 
2. BICUBIC HERMITE INTERPOLATION OVER A &MT THAM~LE 
The following interpolation scheme is due to HalI [3? Scheme B]. &et 
f(x, y) be a function of class CJ on the right riangle TO: 0 < x ,< a, 
0 ,< y < b - (b/a)x of Fig. 1, Also let x0 = 6, x1 = a, yO = 0, y, = b and 
yq = 5 Y 
s lhi- rl Y,‘O TO x 
x,=0 x, =a 
Fig 1. The Right Triangle To
Then the bicubic Hermite interpolation to f(x, 4’) is 
1(x, y> = i i i 2 f ~y~ck,,,~;~,j(x, 2’1, 
i=o jdl I;=0 ni&l ;3 )
(Q<i+j<l)Q<s<a, O<y<b+.. 
The functions Ck.,nl;i,j(X, v) may be found in [5, p. 91 OP [3, p. 41. 
From 13, Theorem 21 we know that z)(x, ~1) satisfies the 12 interpolation 
conditions 
and exactly matches any cubic polynomial ong the hypotenuse. In fact, 
one can verify that, along the hypotenuse ofTO , L; is the cubic Hermite inter- 
polate off. Also the restrictions of v and %v/Zn to the legs of TO are the cubic 
Hermite interpolates offand af//arz, respectively, thus insuring G1 continuity 
across the interfaces with adjacent rectangles of P. 
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Hence, we have 
THEOREM 1. If f (x, b - (b/a)x) = 0, 0 < x < a, then the same is true 
ofv. 
3. BICUBIC INTERPOLATION WITH A NORMAL DERIVATIVE CONDITION 
Although, along the hypotenuse of T, , u depends only upon its values and 
its first derivatives’ values atthe nd points, aclan on the hypotenuse depends 
upon all 12 parameters in (2). Therefore, z’ hasproperty (i) but not property (ii) 
of Section 1.In fact, Hall has shown [3, Corollary 1 to Theorem l] that 
there is no interpolating polynomial which satisfies (2),reduces tothe cubic 
Hermite interpolate off and af/lan on the legs of T,, and has the property 
that both v and &/an along the hypotenuse ar independent off&m).l For 
purposes ofapplication o biharmonic boundary value problems, thelatter 
property is essential to the matching ofboundary conditions v = 0 and/or 
&,/an = 0 on the hypotenuse. It isalso essential that u(x, v) on T, be “com- 
patible” with bicubic Hermite interpolation on rectangles adjacent to
T,, in P so v E ClJ[P]. Therefore, w  are forced byHall’s result and the 
preceding remarks to relax the 12 interpolation conditions (2). Indeed, if
we replace the 3 parametersf,,, , (‘*“‘)0 < k + w < I, by linear combinations 
of the remaining parameters, then it is possible to produce a 9-parameter 
formula for abicubic w(x, u) such that (a) the remaining 9 values ,fAf$’ and
fjkim), 0 < k, 112 < 1, i + ,i = 1, are interpolated, (b) w and &J/an are the 
cubic Hermite interpolates of these new data on the legs of T, , and (c) 
w has properties (i) and (ii) ofSection 1.From (c) it will follow that w and 
awl&z along the hypotenuse arindependent of L$mj. 
Naturally, w no longer exactly matches f&‘n), 0 < k + in < 1, but 
the approximations are good (cf. Theorem 4). Also it is clear that he inter- 
polation off on rectangles adjoining T, in P must match the same linear 
combinations which replace f, af/lax nd af/lay at the common node in order 
to preserve w E CJ[P]. 
Let us define 
1 Hall’s Corollary actually states that here is no such bicubic nterpolating polynomial, 
but it is clear that his proof holds for higher degree polynomials s well. 
BICUBIC INTERPOLATION OVER TRIANGLES 64 
where the Cfz,m:i,i(~, v) are the same as in (l), the nhe independezf parameters 
are 
)qy’ = fj>“‘, 0 < k, II? < I, ii, t= 1, 
,l,u,l) = 
03 
pm 
0,o ' 
and the three dependent parameters are taken to be 
Notice that, f$m’, 0 < k + nz < 1, do not appear in (4)-(8). Thevalues of 
tt,o,o ,(kY’n)? 0 < k + IZ < 1, in (6)-(8) are constrained to be certain linear 
combinations of the nine independent parameters in (4)-(5) and the integral 
of af/&z along the hypotenuse. We shah call w(x, y) the constrained bicubic 
interpolation tof(x, y). From (3)-(4) L’and w are identical on the hypotenuse, 
and Theorem 1 holds with u replaced byIV. 
A direct, but tedious, evaluation of (3) using (4)-(8) reveals that 
If af/an vanishes along the hypotenuse ofTo , then S(l,o) = (-a/b) fcovii on 
the hypotenuse, and we have proved 
THEOREM 2. rfafan(x, b - (b/a)x) = 0,O < x < a, therz the same is true 
of arv/an. Also iff (x, b- (b/a)x) = 0, 0 < x d a, then w(x, b- (b/a)x) = 0, 
O<x,(a. 
Notice that for general nonhomogeneous boundary values, the cubic Mermite 
interpolate W(X, b- (b/a)x) to ,f(x, b - (b/a)x) is only a fourth-order 
approximation which is exact when f (x3 b - (b/n)x) isa polynomial of 
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degree three or less. Similarly, Eq. (9) may be viewed as an interpolation 
formula. It presents a quadratic polynomial EJW/&I which is uniquely deter- 
mined by (&V/&Z),,,. = (afl&~),,~, i+j= I,and J(a’o’P ,o,b,dw/~nds = J-;;$af/i% ds. The 
latter condition mplies that here exists a third point (&, 7) on the hypotenuse 
where &V/&Z and 8flan agree. Therefore, from Lagrangian interpolation 
theory we know that awfi% is a third-order app oximation o @J&z on the 
hypotenuse andis exact when af/lan(x, b - (b/a)x) isa polynomial of degree 
two or less. 
4. INTERPOLATION ERROR BOUNDS 
From [3, Theorem 51 we already have 
THEOREM 3 (Hall). If f(x, y) E G[T,], then the bicubic Hermite inter- 
polation, v(x, y), to f(x, y) on To satisjes 
where 0 < k + nz < 3, h = max{a, b} and the K,,,, are constants. 
The constrained bicubic nterpolate H(X,y) differs f om v(x, y) only in that 
w satisfies (6)-(S) while u satisfies v$“)=f,$m), 0 < k + m G 1. We show 
next hat he waft”‘) of (6)-(8) approximate thf,$*), 0 < k + m < 1, so 
closely that rv(x, y)is also afourth-order app oximation o f(x, y). 
THEOREM 4. If  (x, J)) G Ca[T,,], then the constrained bicubic nterpolation, 
w(x, y), to f (x, y) on To satisfies 
where h= max(a, b) and the Mlc,m are constants. 
Proof. An inspection shows that, for (x, y) E & , Ck,m;i,i(x, y) = 
O(akbm) = O(IZ~+~~), 0 < k, m < 1, 0 < i + j < 1. Therefore, since w and 
v differ only in the terms containing NJ&‘) and z@;“, 0< p + 4 f 1, it is 
easy to see that 
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In order to estimate w&“) - I~~~~’ = wA;pdy’ - j$j according to (9 I>, 
we first notice that he integral of a2flax+ over To is 
f ‘“J’(.x y) dy dx , 
I a f “*O’(x, 0) d.y 0 
where dx/ds = -a/(a& + b2)1:B. Therefore, we have 
Moreover, using Taylor’s series xpansions ecan prove the following 
“truncated riangular prism rule” 
Similarly, we may use the trapezoidal ruleto show that 
and 
Then (6), (14) and (15) imply thatf,,, = IY~,,, + Q(P), (7) and (16) imp& t.hat 
)“O,O 
(18) = f;U;p’ + ()(b3), and (8) and (17) imply that $“gl’ = f&” +- O(a3j, 
This establishes (11). 
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Now we use (11) in (13), recalling that z’,,~ (P p) = fh$“‘, toobtain 
11 )(,,Wrn) _ U(k.m) II I,yT,] = 0(/P-“-y, o<li+m<3. (18) 
It only remains to apply the triangle inequality to (10) and (18) in order 
to establish (12). Q.E.D. 
5. APPLICATION N A FINITE ELEMENT METHOD 
We shall consider the numerical solution fthe problem of the bending 
of a thin elastic equilateral t iangular plate (Fig. 2) which is uniformly oaded 
and simply supported. According to classical Kirchhoff plate theory [6], 
the deflection u(x, v) satisfies theboundary value problem V%(x, JT) = 1, 
(x, y) E T, u = a%/&? = 0, (x, ~7) EaT. The exact solution is[6, p. 3131 
u(x, y) = & x [(x - ;)” - 34 [l - (x - ;)’ _ y]. 
Fig. 2 Triangular Plate T 
Due to the sixfold symmetry of the problem one may consider only the 
right riangular subregion R.Then given a rectangular mesh rr on R, one 
may define a subspace Hf’(rr) of piecewise bicubic polynomial functions 
using the usual bicubic Hermite interpolation formula for the rectangular 
elements and the constrained bicubic interpolation of (3)-(8) for the right 
triangular elements ofR, such that he functions in HP’(r) satisfy the essential 
boundary conditions ~(0, y) = au/&(x, 0) = au/&(x, - 16(x - $)) = 0. 
The algebraic and computational details ofminimizing the potential energy 
functional J[Jv] = JJR[4(V%)B - w]dxdy over all +Y E Hi’ may be found 
in [4, Chap. 41. 
Let the error in the approximate solution ti(x, ~7) be 
4x, v) = 4x, v) - &-b v). 
In Table Iwe summarize the results ofsolution using eight different u iform 
meshes of size hwith N points on each leg of R. Table Ipresents he discrete 
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emr izo~nz I/e/I’ = maxlGi,jGN / e(x, )yj)l and the conzpyufecl order of CWDT 
a = log(// e(lz,)ji’/ 11 e(/z,)~~‘)~log(h,/lz,) based on two successive meshes of 
size h, and h, , i.e., 11e11’ w M&. 
TABLE I 
Bicubic Hermite Approximation Results 
N dim HP)(r) 
2 1 
3 5 
4 13 
5 25 
6 41 
7 61 
a 85 
9 113 
Ii eil’ 
0.866 0.208 .10-f 
0.433 0.119. 10-Z 
0.289 0.225 10-1 
0.216 0.681 .lo-” 
0.173 0.271 .10-3 
0.144 3.128. LO-5 
0.124 0.684. IO-” 
0.108 0.396 .10-c 
0: 
4.13 
4.il 
4.15 
4.12 
4.10 
4.08 
4.09 
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